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Abstract 



We analyze how a large value of the leptonic mixing angle #^g NS can be generated 
via charged lepton corrections in unified flavor models, using novel combinations of 
Clebsch-Gordan factors for obtaining viable quark-lepton mass ratios for the first two 
q; families. We discuss how these Clebsch-Gordan factors affect the relations between 
<D . down-type quark mixing and charged lepton mixing in SU(5) grand unified theories 
and Pati-Salam unified models and calculate the resulting possible predictions for 
0MNS £ or moc lels with #13, #13 <C 0f 2 - While symmetric mass matrices with zero 
(l,l)-elements always lead to comparatively small ^i3 NS ~ 2.8°, we find novel combi- 
nations of Clebsch-Gordan factors for nonsymmetric mass matrices which can yield 
CN ■ #5^ NS xt 5.1°, 6.1°, 7.6° or 10.1°, as favored by the current experimental hints for large 
L~ 1 0J3 . We discuss applications to classes of models with underlying tribimaximal or 
• I bimaximal mixing in the neutrino sector. 
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1 Introduction 

The discovery of large, close to tribimaximal lepton mixing has lead to a revolution in flavor 
model building. Over the last years, a variety of models has been constructed [1] which 
feature tribimaximal mixing [2] in the neutrino mass matrix. Furthermore, alternatives for 
underlying mixing patterns are discussed as well, for instance bimaximal neutrino mixing 
(for model realizations, see, e.g. [5]). Many of them, regardless of the specific seesaw type, 
have in common that the 1-3 mixing 9^ 3 in the neutrino sector (almost) vanishes. In the 
context of grand unified theories (GUTs) and quark-lepton unified models, such a special 
mixing pattern in the neutrino sector typically receives, however, corrections from charged 
lepton mixing which is often dominated by a sizable 9\ 2 . With 9\ 2 S> #13, #13, a leptonic 
(MNS) mixing angle #13 of the size 

^3 NS - ^fu (1) 

is generated (see, e.g. |l])Jj The charged lepton mixing 9f 2 , in turn, is often related to 9f 2 
via GUT relations. The down quark mixing 9f 2 is in principle model-dependent, however, 
since the up-type quark masses are more hierarchical than the down-type quark ones, in 
many classes of models the down quark mixing is larger than the up-quark mixing and 
the relation 9f 2 ~ 9c ~ 13° holds to some approximation. A well-known case, realized in 
many models in the literature, appears when the quark-lepton mass ratio m^/m s = 3 is 
realized via a "Georgi-Jarlskog" [5] Clebsch factor of 3 in the (2,2)- element of Y e . Then, 
9\ 2 = 9f 2 /3 ~ 9c/ 3 holds and the ubiquitous prediction 

C° = T^fc - 3° (2) 

arises. 

However, if the current experimental hints at a large value ^J^ NS , e.g. from T2K [B] 
(for a recent global fit, see [7]), get confirmed, this prediction would be disfavored. In this 
article we will therefore discuss how alternative Clebsch factors and GUT scale quark-lepton 
mass relations, including the novel possibilities proposed recently in [8], can influence the 
predictions for 6^ NS in unified flavor models. 

2 The relation between 0\ 2 and 0f 2 in unified models 

In the following, we will assume that 9f 2 ~ 9c ~ 13° [9j, as discussed above, and that Yd and 
Y u are hierarchical. To be explicit, one may simply take the case that Y u is (approximately) 
diagonal. We will below include formulae for general 9f 2 such that the results can readily 
be adopted to other cases as well. Furthermore, we will focus on classes of models where 



3 We remark that the relation holds exactly only for #23 = 45° and we use this form here for simplicity. 
The more precise relation is given by (9^| NS = 6\ 2 sin(0 2 V 3 NS )- 



the mass matrices feature zero (or negligible) (l,l)-elements. In the following discussion 
we will distinguish between the case of unified models with Pati-Salam (PS) gauge group 
G422 =SU(4) c xSU(2) l xSU(2)k and Grand Unified models based on SU(5). 

2.1 Pati-Salam unified models 

In PS unified models, under the above-specified assumptions, Y e is related to Y d , with each 
element depending on a Clebsch factor qJj Focusing on the 2x2 submatrix of the first two 
families, we can write 
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Note that we are using the same symbols for the full Yukawa matrices and the 2x2 sub- 
matrices here and in the following. From the above matrices we can immediately read off 
the approximate relation 

e% « - 0?o , (4) 
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and thus 
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2.2 SU(5) GUTs 

In SU(5) GUTs the situation is somewhat more tricky, since Y e is related not to Y d but to 
Yj . Without loss of generality we can now write 
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which results in 



To continue from here we can use 
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4 We assume general, not necessarily symmetric, Yukawa matrices and that one single operator domi- 
nates each matrix element. 



and thus 



flMNS ^ 1 m e 
13 ~ v^^ 
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We see that, compared to the Pati-Salam case, we have the inverse dependence on the 
Clebsch factors as well as on 8f 2 u 

3 Quark-lepton mass relations and possible Clebsches 

The quark-lepton mass ratios at the GUT scale, again under the assumptions specified in 

the previous section, have the following approximate expressions in terms of the Clebsch 

factors: 

rria . . m e c a c b 

m s m d c c 

Note that when we refer to the mass ratios at the GUT scale, we take them as equivalent 
to the ratios of the running Yukawa couplings, i.e., we always use rrii := yiV with the Higgs 
vacuum expectation value v fixed by its value at the electroweak scale. Using the results 
from [8] we will now consider the favorable Clebsch factorqj 

|c c |G{3,|,6}, (12) 

where the first one is the G J factor [5] and where the latter two have been proposed in [8] . 
We note that while the Clebsch factor 3 is available in PS as well as in SU(5), 9/2 and 6 
are only available in SU(5)-like setups. The viability of these Clebsch factors depends on 
the SUSY breaking scenario (more generally on the SUSY model parameters). 

Assuming SUSY threshold corrections such that the Clebsches c c yield a ratio — within 
the allowed experimental range, we can now calculate the allowed region for the product 
|c a Q,| such that — is in the (la) allowed region as well. For this, we make the simplifying 
assumption that the SUSY threshold corrections are almost the same for the first two 
generations, which is usually a good approximation when there are universal boundary 
conditions for the soft SUSY breaking parameters at the GUTs scale. For the Clebsch 
factors c c under consideration we obtain: 
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5 We note that this also implies, for cases where 6f 2 ~ 0c m ay not hold anymore, that 6f 2 < @c provides 
another way of obtaining larger 6*^ NS in SU(5), whereas in Pati-Salam models we would need 0f 2 > 9c for 
increasing 6>^ NS . 

6 In principle, also \c c \ = 2 in PS and |c c | = 9 in PS and SU(5) may work as well for some classes of 
supersymmetric (SUSY) models. However, they would require large SUSY threshold corrections (above 
40%) to be consistent with data. It is straightforward to generalize our analysis also to these cases. 
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Table 1: Examples for prediction for large 6^ NS which arise with Clebsch factors c c and 
c a , Cb and under the conditions specified in the main text. 



If we now take for the PS case, see e.g. [10] . the possible Clebsches (to be applied to 

\c c \ = 3) 



\c a \,\c b \E {§,1,2,3,9}, 

and for the SU(5) cases, see e.g. [5], (to be applied to \c c \ G {3, |,6}) 

\ r I \ r ,\ p/I 1 3 o 9 c qi 

we obtain that |^| can take the (discrete) values 
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4 Predictions for 
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When we assume that 9 

possible GUT predictions for 6^ NS : 



Or, we can translate the above-derived ratios of — and — into 
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In PS: ^ NS G {2.3°, 3.1°, 6.1°} , 
In SU(5): ^ NS e {0.8°, 1.7°, 2.5°, 5.1°} 
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6 => ^ iNb g {0.6°, 0.8°, 1.1°, 1.7°, 3.4°, 5.1°, 10.1°} . 
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We can see that there are several cases which feature a comparatively large 6^ NS . The 
corresponding combinations of Clebsch factors are given in Table [TJ Unified flavor models 
which use one of these combinations of Clebsches can thus realize a large value of 9 
despite zero (small) 6\ z . 



MNS 
13 



We have assumed here that charged lepton mixing is the dominant source of 9^ . We 
note that, of course, in explicit models various additional corrections to 9^ may have to 



be taken into account, e.g. from RG running (see e.g. [H]), from canonical normalization 
corrections (c.f. [12]), or from the next order in small angle expansion for the charged 
lepton mixing effects. For more accurate predictions, a careful model analysis is required. 

5 Special case: Symmetric mass matrices 

A special case is given by the possibility of symmetric mass matrices Y^ and Y e , where 

Y e =(° Caa ). (24) 

\c a a c c cj 

In this case 9f 2 ls f un Y determined by m e and m M : 



e e 12 = J^. (25) 
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This leads to the prediction 



0MNS = J- [™l « 2.8° . (26) 



We emphasize that this prediction is independent of Clebsch factors and independent of 
GUT relations. It is featured by many existing models in the literature. In fact, in unified 
models and under the conditions we have specified above, the GUT scale values of 9f 2 and 
of m s ,m d are now predicted by the Clebsch factors and the charged lepton masses (since 
the charged lepton masses are known most precisely and dominate the fit to the data). 
With c c and c a as defined above, one obtains for instance: 
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On the other hand, as in this case a comparatively small #J| NS is predicted, this scenario 
would be disfavored if the recent experimental hints [HI U\ towards a rather sizable reactor 
mixing angle get confirmed. 

6 Special neutrino mixing patterns, large 0jg NS and 
the lepton mixing sum rule 

Finally, we would like to comment on the effect of ^"dominated charged lepton corrections 
on the solar mixing angle #12, with a special focus on possibly large #^ NS . In fact, under 
the assumptions specified above, the lepton mixing sum rule [U [13] 

9 um _ 0mns cos(w) = ^ j (28) 



with 812 being the prediction for the 1-2 mixing in the neutrino sector, holds. This means, 
when we assume underlying tribimaximal neutrino mixing with sin(6^) = l/y/3 then large 
6>^ NS can only be consistent for (approximately) 5mns € {90°,270°}|j 

On the other hand, for bimaximal neutrino mixing with Q V X2 = 45° the experimental 
data even requires large 6^ NS close to the present bounds, together with 5mns ~ 180°. 
The leptonic mixing sum rule would then simply turn into 6*]^ NS + 6*^ NS = 45°. With 
6™ NS « 10.1°, obtainable in SU(5) scenarios with \c c \ = 6 and (\c a \,\c b \) = (§,§), (6, |) 
and (9, |), this would be in excellent agreement with the current experimental data. 

In general, using the sum rule, a precise measurement of 6^ NS , 6^ NS and #mns ma y 
provide a smoking gun signal for a specific neutrino mixing pattern. 

7 Summary and conclusions 

In this article, we have discussed how a large value of the leptonic mixing angle #J^ NS can 
be generated via charged lepton corrections in unified models, using novel combinations 
of Clebsch factors which can lead to viable quark-lepton mass ratios for the first two 
families. Our approach may thus provide a way to build unified flavor models consistent 
with current experimental data (which hints at large 6^ NS ) and with an underlying special 
mixing pattern in the neutrino sector (such as tribimaximal or bimaximal mixing). 

Predictions for #J^ NS can arise as follows: If the conditions 8^, 6f 3 <C 9\ 2 are satisfied, 
the leptonic mixing angle 6^ NS is given by 

^3 NS - ^ , (29) 

i.e., via the charged lepton 1-2 mixing 9\ 2 . In unified flavor models, the down- type quark 
Yukawa matrix Y& and the charged lepton Yukawa matrix Y e are typically generated by 
the same operators, since quarks and leptons are in joint representations of the unifying 
gauge group. This implies that their elements may differ only by group theoretical Clebsch 
factors from the breaking of the extended gauge symmetry. For instance, in classes of 
models where the Yukawa matrices have a zero texture in their (l,l)-elements and where 
9f 2 « 9c 1 it follows that the value of 9\ 2 satisfies (with the Clebsch factors c c and q,): 

(\^\6 C (in PS), 

* 12 llrltli (*su(5)). (30) 

To use these formulae for calculating the predictions for #]^ NS , we have determined possible 
consistent combinations of Clebsch factors in SU(5) and Pati-Salam unified theories which 
lead to viable mass ratios of the first two families of down-type quarks and charged leptons. 
In addition to the well-known Clebsch factor \c c \ = 3, corresponding to the ubiquitous 



7 Such specific predictions for 5mns may emerge from flavor models with Z2 or Z4 shaping symmetries 
to explain a right-angled CKM unitarity triangle (with a ps 90°), as discussed recently in [Tl] . 



relation m^/m s = 3 [5], we also included the recently discussed novel possibilities \c c \ = 9/2 
and \c c \ = 6, which lead to m^/m s = | or 6 [8], respectively, in our discussion. 

We then calculated the corresponding predictions for 6^ NS . We found that certain 
combinations of Clebsch factors can lead to predictions 6^ NS e {5.1°, 6.1°, 7.6°, 10.1°} (c.f. 
Tabled]), which can accommodate recent experimental hints for large 6^ NS . Charged lepton 
corrections to Q v 12 are suppressed for 5mns e {90°, 270°} and maximal for #mns e {0°; 180°}, 
according to the lepton mixing sum rule 6^ NS — 6^ ns cos(<5mns) — #12 H3J- in models 
capable of predicting maximal CP violation (c.f. [II]), large #13 may thus be realized while 
preserving the favorable prediction sin(#^ NS ) « sin(0i 2 ) ps 1/v3 from a possible underlying 
tribimaximal neutrino mixing pattern. On the other hand, for models with <5mns = 180°, 
bimaximal neutrino mixing may be realized and the leptonic mixing sum rule would then 
simply turn into #^ NS + #^ NS = 45°. With #^ NS « 10.1°, obtainable in SU(5) scenarios 
with \c c \ = 6 and (\c a \, |c&|) = (|, |), (6, |) and (9, ~), this would be in excellent agreement 
with the current experimental data. 

In summary, we have discussed possibilities for realizing a large value of 6^ NS in unified 
flavor models using novel combinations of Clebsch factors to obtain consistent quark-lepton 
mass ratios for the first two families of down-type quarks and charged leptons. While 
#^ NS « 5° or 6° can be realized in SU(5) and in Pati-Salam models for \c c \ = 3, as well as 
in SU(5) for \c c \ = 6, the largest values 0^ NS w 7.6° and 10.1° were obtained with \c c \ = | 
and 6, respectively, and in both cases with |c&| = |o If the experimental hints for such 
large 6*^ NS should get confirmed, these Clebsch factors could become favorable building 
blocks for future unified flavor models. 
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